ABSTRACT Planets can affect debris disk structure by creating gaps, sharp edges, warps, and other potentially observable signatures. However, there is currently no simple way for observers to deduce a diskshepherding planet's properties from the observed features of the disk. Here we present a single equation that relates a shepherding planet's maximum mass to the debris ring's observed width in scattered light, along with a procedure to estimate the planet's eccentricity and minimum semimajor axis. We accomplish this by performing dynamical N-body simulations of model systems containing a star, a single planet, and a disk of parent bodies and dust grains to determine the resulting debris disk properties over a wide range of input parameters. We find that the relationship between planet mass and debris disk width is linear, with increasing planet mass producing broader debris rings. We apply our methods to five imaged debris rings to constrain the putative planet masses and orbits in each system. Observers can use our empirically-derived equation as a guide for future direct imaging searches for planets in debris disk systems. In the fortuitous case of an imaged planet orbiting interior to an imaged disk, the planet's maximum mass can be estimated independent of atmospheric models.
INTRODUCTION
Circumstellar dust has been detected around several hundred main sequence stars, and more than 30 such systems have now been spatially resolved at visible, near-, and far-infrared wavelengths (http://circumstellardisks.org). In these so-called debris disk systems, the dust is inferred to be generated by collisions in planetesimal belts that are dynamically shepherded by planets, analogous to the solar system's asteroid and Kuiper belts. In a few systems, notably β Pictoris, HR 8799, and perhaps Fomalhaut, spatially resolved debris disk structure as well as one or more planets have been detected (Lagrange et al. 2010; Marois et al. 2010; Kalas et al. 2008; Currie et al. 2012a; Galicher et al. 2012; Kalas et al. 2013) , allowing more detailed study of planet-planetesimal-disk interactions and of planetary system formation and evolution.
Currently most spatially-resolved debris disks do not also have associated detections of planets, but many debris disks do show signs of shepherding planets, such as clumps, gaps, and sharp edges. Indeed the presence of a planet in the Fomalhaut system has been predicted based on the resolved disk's properties (Quillen 2006) , and Chiang et al. (2009) (hereafter C09) have carried out detailed dynamical modeling to constrain the planet's mass to < 3 M J by consideration of the debris disk's observed properties. A faint object scattering star light has recently been imaged in the system (Kalas et al. 2008; Currie et al. 2012a; Galicher et al. 2012) , but its true nature and origin remain ambiguous .
The Fomalhaut dynamical predictions were very use-ful, but they were customized to a specific debris disk. What predictions can be made in the general case? Several studies have examined how planet mass affects debris disk structure (Wyatt et al. 1999a; Kuchner & Holman 2003; Quillen 2006; Chiang et al. 2009; Thebault et al. 2012; Nesvold et al. 2013 ), but these are not readily adapted for the inverse problem, namely estimating the planet mass and orbit from a given set of debris disk observations. The goal of the present paper is to provide observers with a "rough guide" for estimating the mass and orbit of a putative shepherding planet from scattered light observations of a debris disk. The procedure we present is obtained as follows: we carry out a suite of N-body numerical integrations consisting of a single planet interacting with an exterior ring of dust-producing planetesimals; the simulations cover a range of system parameters, and we obtain a suite of simulated debris disks. We calculate the optical depth profile (a proxy for surface brightness) and measure the normalized full-width halfmaximum (FWHM) of each simulated disk. We then examine the relationships between the FWHM and the simulation input parameters. Specifically, we provide observers with a simple procedure to estimate the maximum mass of a putative shepherding planet, its orbital semimajor axis, and its eccentricity from surface brightness profiles of scattered light images of debris disks. In Section 2, we describe our methods. In Section 3, we present our results and predictions for planets in five imaged debris rings. In Section 4, we discuss the implications of our results and outline the observer's procedure for estimating a planet's maximum mass and orbit from scattered light images of debris disks. In Section 5 we summarize our main findings.
METHODS
We adopt the hypothesis that the scattered light of the debris disk arises from stellar radiation scattered by dust grains produced in an underlying ring of dust-producing planetesimals-"parent bodies"-shepherded by a nearby perturbing planet orbiting interior to its inner edge. As in C09, we first numerically integrate the (massless) parent bodies to produce an ensemble of stable orbits. The remaining stable parent bodies are then assumed to "release" dust grains of a prescribed size distribution. The dust-producing parent bodies are large enough that stellar radiation pressure can be ignored for them, which results in disks that are intrinsically narrower (C09; Thebault et al. (2012) ; Nesvold et al. (2013) ; Boley et al. (2012) ). However, radiation pressure is not negligible for the much smaller dust grains since it spreads them onto wide orbits (C09). Because radiation pressure causes a radial acceleration that is inversely proportional to astrocentric distance, it is simple to model it as a fraction, β, of the stellar gravitational acceleration, where β is a function of particle size and density (Wyatt & Whipple 1950) . In our numerical simulations, we only include bound particles (β < 0.5). We ignore Poynting-Robertson (PR) light drag and account for collisions by integrating the dust grains for the number of orbits that correspond to their collisional lifetimes. See the Appendix for a discussion and justification of these choices.
We use a fast N-body orbit integrator, which is based on the second order mixed-variable method of Wisdom & Holman (1991) . This code, written in FOR-TRAN, provides an order of magnitude increase in speed compared to conventional integrators while minimizing numerical losses in the constants of integration (energy, angular momentum, β-modified Jacobi constant). To illustrate, a simulation of 10,000 particles interacting with a star and a perturbing planet for 1000 orbits of the planet, and using an integration step size of 5% of the planet's orbital period, takes only ∼ 1 minute of wall clock time on a 2010 computer 4 . The entire suite of 160 independent N-body simulations required to vary all the input parameters in this study takes only a few hours of wall clock time to complete.
Simulation parameters
The parameters of interest in this study are: the inner edge of the parent body disk, a inner ; the initial width of parent body disk, w pb ; the initial eccentricity of the parent body disk, e disk,i ; and the longitude of periastron of the parent body disk, ̟ pb . The perturbing planet's parameters are its mass, m p , its orbital semimajor axis, a p , eccentricity, e p , and longitude of periastron, ̟ p .
In spatially resolved scattered light images of debris disks, if the disks are not too inclined relative to our line of sight, we can typically determine the following disk parameters, or observables: the semimajor axis, a peak , the eccentricity, e disk , and longitude of periastron, ̟ disk , of the deprojected disk. In this study, we will also utilize the normalized FWHM (nFWHM) of the (radiation dilution-corrected) surface brightness profile of the deprojected disk, defined here as axis locations where the deprojected disk surface brightness is half of the peak surface brightness 5 . Other works have utilized the sharpness of the inner edge of the disk as the key observable indicating the presence of a diskshepherding planet. However, the inner edge sharpness suffers from a degeneracy in planet mass/semimajor axis (ie, high-mass planets far away from the disk can produce the same sharpness as low-mass planets close to the disk; see Fig. 3 in C09) . The width of the disk, on the other hand, is much less affected by this degeneracy, as will be demonstrated in Section 3. See Table 1 for a list and description of the relevant parameters utilized in this work.
Initial conditions
We adopt units whereby the stellar mass M * and the universal constant of gravitation, G, are unity, and the inner edge of the initial parent body disk, a inner is adopted as the unit of length. In these units, a particle orbiting at a inner has a period of 2π. We simulate systems with planet mass µ in the range (0.3, 1.0, 3.0, 10.0) µ J , where µ J = 9.55 × 10 −4 is the mass ratio of Jupiter relative to our Sun. Although smaller planet masses are likely present in debris disks, we do not simulate these cases for two reasons. First, Thebault et al. (2012) showed that over a wide range of optical depths and for µ < 0.3 µ J , dust grain collisions can wash out observable effects on debris disks. Second, direct imaging instrumentation is currently not capable of detecting planets less massive than ∼ a few M J .
The parent bodies' semimajor axes are all initialized at a inner (ie, initially infinitesimally-narrow disks with w pb = 0). We also tested disks with non-zero initial widths but found that these cases introduced a degeneracy with planet mass/semimajor axis combinations. For example, consider an imaged debris disk with a FWHM = 15%. This disk could have been broadened from an initial width of 10% due to interactions with a distant, high-mass planet; or it could have been broadened from an initial width of 14% by a very low-mass, very nearby planet. An observer has no way of knowing which planet produced the observed disk without knowing the initial parent body disk width, which cannot be measured. If we instead consider initially infinitesimally-narrow rings, then for a given observed disk width, we can at least constrain the maximum mass of the putative planet, even if nature is unlikely to produce such initial parent body disks.
The star, planet, and parent bodies all orbit in the same plane so that their relative inclinations are zero. This assumption is made for simplicity and should not seriously change the results since most debris disks are thought to be flat (aspect ratio, defined as disk height divided by disk radius, typically on the order of a few percent).
We consider five values of the initial eccentricity of the parent body disk, e disk,i : (0, 0.05, 0.1, 0.15, 0.2). These values adequately span known debris disk eccentricities. The planet and the parent bodies all have the same initial longitude of periastron, which we initialize to zero. The parent bodies have random initial mean anomalies uniformly spaced between 0 and 2π. We set the planet's eccentricity to be equal to the parent body disk's initial eccentricity. While other studies have used the forced eccentricity relationship between the planet and the dust (e.g., Quillen (2006) and C09), this relationship is derived from linear secular theory, which is only valid for small mass ratios (µ 10 −3 ) and low eccentricities (Mustill & Wyatt 2009 ). Since the parent bodies we simulate are effectively indestructible over the simulation timescale (see the Appendix), assuming that they can acquire forced eccentricities from nearby perturbing planets leading up to the start of our simulations is reasonable. Moreover the relationship between the planet's and disk's eccentricity that we simulate is merely the initial relationship; the eccentricities of the parent bodies evolve over time.
Numerical determination of planet semimajor axis
The initial semimajor axis of the planet is determined by means of a bootstrap procedure in which we numerically determine the inner edge of stable orbits exterior to the planet's orbit for the ranges of planet mass and eccentricity of interest. Although we could have made use of published formulas for the chaotic zone of a planet (e.g., Wisdom (1980); C09; Mustill & Wyatt (2012) ), the results in the literature do not adequately cover the range of planet mass and eccentricity of interest in our study. Therefore we determine the semimajor axis of the planet relative to the inner stable edge of the parent body disk as follows: we place a planet of a given mass at a inner and place parent bodies at discrete semimajor axis locations beyond a inner , starting far from the planet. The parent bodies have the same eccentricity as the planet and have random mean anomalies between 0-2π. The system is then integrated for 1000 orbits of the planet. In this simulation and all others described below, we use an integration step size of 5% of the orbital period of a particle with semimajor axis = a inner . Parent bodies that approach within the planet's Hill radius or cross within 0.1 a inner of the star or beyond 100 a inner are discarded. The width of the unstable zone is determined as the distance between the planet and the closest semimajor axis at which at least 90% of the parent bodies remain at the end of the integration. The final planet semimajor axis locations are reported in Table 2 .
The large separations between the planet and disk ( 3.5 Hill radii) justify the assumption that the parent bodies in the disk are massless. At such large separations, the planet and disk are effectively "decoupled" such that even if the disk is massive, the migration rate is slow over the timescale of the simulation (Bromley & Kenyon (2011) ; see the Appendix for more details). We should not expect the widths of our chaotic zones to agree with those from previous studies (e.g., 2.0µ 2/7 from C09, or 1.8µ (2012)) because we are testing larger planet masses and larger eccentricities. Additionally, the relationship between the planet's and disk's eccentricity in our study is different from previous works that typically use the forced eccentricity relationship. We also used a different stability criterion (> 90% of particles must survive the integration) to determine the chaotic zone widths, which may be more stringent than previous works (e.g., C09). From Table 2 , the initial eccentricity of the disk widens the unstable zone only for the largest mass ratios. However, the initial eccentricities of debris disks cannot be measured. Therefore we cannot compute a master chaotic zone equation from the values in Table 2 . Instead, because we are attempting to constrain the maximum mass of a disk-shepherding planet in this study, we should only constrain the minimum semimajor axis of a putative planet. Therefore we adopt as our unstable zone equation the power-law fit to the e disk,i = 0.20 values, since these correspond to the widest chaotic zones and the planets that are the farthest from the disk's inner edge:
Note that this equation is not used directly in our simulations, as the planet semimajor axes are explicitly determined in Table 2 . Rather, this equation is to be used by observers when conducting the procedure outlined in Section 4. To review, we have two free parameters that will be varied in the simulations: µ and e disk,i . a p is numerically determined, e p = e disk,i , and ̟ p = ̟ pb = 0. The simulations will produce two outputs: nFWHM, calculated using Eq. 1, and e disk,f , the final eccentricity of the simulated disks.
Procedure
With all parent body and planet input parameters determined, we integrate the system of the star, planet, and 5000 parent bodies for 1000 orbital periods of a particle at a inner . After 1000 orbits, the parent bodies "release" dust grains that have the same positions and velocities as their parents, as in C09. The dust grain orbits are then numerically integrated, accounting for the effects of radiation pressure by multiplying the stellar mass M * by 1 − β.
As in C09, we simulate 8 different values of β; including β = 0, these are: (0.0, 0.00625, 0.0125, 0.025, 0.05, 0.1, 0.2, 0.4). We integrate each system with a given β for 100 orbit periods of a particle at a inner . The length of this integration is approximately the collisional lifetime of a dust particle in the typical debris disks we are simulating (see the Appendix, Eq. A8).
Optical depth profiles
To obtain the optical depth profiles of the simulated debris disks, we follow the procedure outlined in C09. We take each surviving dust particle's final Cartesian positions and velocities, construct a grid of concentric ellipses with eccentricity given by the final eccentricity of the parent body disk, e disk,f , and ellipse center given by a disk e disk,f , and count the total number of surviving particles in a given ellipse. Here, e disk,f and a disk are the locations of the peak of the eccentricity and semimajor distributions of the surviving parent bodies, respectively.
To increase the signal-to-noise (S/N), we "spread" each dust particle out along its orbit ("Gaussian wire method") as in C09. In this method, a surviving particle is cloned and placed at discrete locations along its orbit; the orbital elements are determined from the position and velocity of the particle at the end of the integration and account for the effects of radiation pressure. The number of particle clones generated per orbit is chosen so that the total number of particles equals 10 6 . For example, if 5000 particles survive, then each particle would be "spread" along its orbit at 200 locations equally spaced in true anomaly. For the β > 0 particles, each particle has a weight that is inversely proportional to its velocity at the end of the integration, effectively causing slower moving particles to create greater dust density.
The number of ellipses used to construct the optical depth profile-which determines the "resolution" of the final profile-is 50, with the first ellipse at 0.83 a inner and the last at 1.83 a inner . This results in an optical depth resolution of 0.02 a inner per ellipse. This is lower than the resolution used in C09 (200 ellipses), but is wellmatched to current observations. For example, if a inner = 50-100 AU (most debris disks reside at these separations), and 1 ellipse = 1 resolution element, then the resolution is 1-2 AU. This is comparable to the typical resolution achieved by HST for debris disks 50-100 pc from Earth.
For a given planet mass and disk eccentricity, we produce the final optical depth profile τ ⊥ in the same manner as C09, by linearly combining the 8 different optical depth profiles for each β:
where N β refers to the optical depth profile for a specific β, q is the differential power-law index assuming a collisional cascade in the disk and here assumed to be 3.5 (Dohnanyi 1969) , and the 1 + √ 2 term comes from the choice of binning (see C09, section 3.1.3 for a more in depth discussion of this constant term).
Control simulation
Before running a full suite of N-body simulations, we verified that our simulations were producing results similar to those obtained by C09. While their input parameters (mass ratio, planet/disk eccentricity, initial parent body disk width) differ from ours, the general set up and methodology are very similar. Therefore we should expect to see similar results for similar inputs. Fig. 1a shows our β profiles for the specific case of µ/µ J = 0.3 and initial disk eccentricity = 0.10. The profiles are very similar to Fig. 2 in C09 . This gives us confidence that our simulations will yield accurate results, despite our differences relative to C09.
We also verified that the perturbing planet was having the expected effect on the dust particles, namely spreading them out, resulting in wider optical depth profiles with increasing mass (as was seen by C09). Fig. 1b shows such an example simulation for an initial disk eccentricity of 0.10. The expected behavior is observed, again validating the methods and parameters chosen for the simulations. While the disk width increases only marginally for small mass ratios, the difference is readily evident when compared to the 10 µ/µ J model. This is satisfactory for the purposes of our study: discriminating between low-mass (∼ 1 µ/µ J ) and high-mass (∼ 10 µ/µ J ) planets in a given debris disk system.
RESULTS
After running the full suite of simulations, we measured a out 1/2 , a in 1/2 , and a peak for each β-summed optical depth profile (as in Fig. 1b) and computed the normalized FWHM of each modeled disk using Eq. 1. We then examined the relationships between this output and the planet mass ratio and final disk eccentricity. We cannot use the initial disk eccentricity as an independent variable because it can increase or decrease from its original value, depending on the mass of the perturbing planet (see Fig. 2 ). Therefore we first examine the relationship between each disk's normalized FWHM and its final disk eccentricity (see Fig. 3 ). From Fig. 3 , there is no strong correlation between these two variables. This means that disk eccentricity may not be an indicator of a nearby massive planet (neglecting the possible dynamical interactions that could have excited the disk into an eccentric state in the first place).
Since the final disk eccentricity has little effect on the disk's width, we now examine the relationship between the normalized disk FWHM and planet mass ratio (see Fig. 4 ). Evidently increasing the mass ratio of the perturbing planet causes an increase in the range of possible disk FWHM values.
Fitting a line to data yields an equation which can be used to estimate the maximum mass of a perturbing planet in a debris disk. To estimate the uncertainties in the slope and y-intercept, we fit all possible combinations of points and set the uncertainties as the differences between the minimum and maximum slope and y-intercept values. We then propagated these errors to obtain a total error for each predicted mass. Eq. 4 shows our linear fit to the data, along with the uncertainties in the slope and y-intercept: The dashed lines are fits to the data for each mass. There is no strong correlation between a debris disk's width and its eccentricity. This implies that disk eccentricity may not be a good indicator of a nearby perturbing planet.
Interestingly, our fitted slope (0.019) is close to the slope from C09 (∼ 0.03) obtained by fitting the normalized FWHM values from their Fig. 3 for the specific case of Fomalhaut. It is encouraging to see similar results despite the differences between our specific simulations (mass ratios, eccentricities, parent body disk widths, chaotic zone widths, and integration times).
Inverting Eq. 4 and substituting terms, we now have an empirical estimate of the maximum mass of a diskshepherding planet that depends solely on the disk's scat- tered light normalized FWHM:
3.1. Predictions for resolved debris rings We now use our empirically determined relationships to constrain the mass and orbit of shepherding planets in five bright ring-like debris disks.
Fomalhaut
Fomalhaut is a very nearby A star with a debris disk detected in scattered light (Kalas et al. 2005) . Recently a point source has been imaged orbiting interior to the ring (Kalas et al. 2008; Currie et al. 2012b; Galicher et al. 2012) . While originally posited as a planet shepherding the ring, it appears to be primarily scattering the star's light, its eccentricity is likely to be very large, and its orbit may intersect with the plane of the disk )-all of which call into question its nature as a disk-shepherding planet. Nonetheless it is useful to estimate the maximum mass of a planet shepherding the disk, since such a planet may still exist in the system and future observations will seek to detect it. Since the disk's eccentricity is not a good predictor of planet mass, we need only the disk's deprojected normalized FWHM. This is ∼ 0.17 (Kalas et al. 2005) . Inputting this value into Eq. 5 along with the star's mass of 2.3 M ⊙ , we find a maximum planet mass of ∼ 7.6 ±4.6 M J . The planet's eccentricity would be equal to the disk's (0.11), and its semimajor axis would be 85 AU from Eq. 2. Taking into account the inclination to the system, the minimum orbit-averaged projected separation would be ∼ 4. ′′ 4. Recent imaging studies have already ruled out planets more massive than ∼ 1-3 M J at these distances (Janson et al. 2012; Currie et al. 2013 ). Therefore if a planet is currently shepherding the debris ring, it must be low-mass.
HR 4796A
HR 4796A has a bright debris disk that has been resolved at many wavelengths (e.g., Schneider et al. (2009); Thalmann et al. (2011); Lagrange et al. (2012) ). In scattered light, the disk appears as a narrow ring, with a large central gap between the disk and the star. The gap, the sharp inner and outer edges, and a small offset from the star are cited as evidence for a perturbing planet (Schneider et al. 2009; Thalmann et al. 2011; Wyatt et al. 1999a ). To date no planet has been detected, though Lagrange et al. (2012) ruled out 3.5 M J planets beyond 0.
′′ 5 (36.5 AU projected separation). According to Schneider et al. (2009) , the disk's normalized FWHM is ∼ 0.18 from the deprojected radial surface brightness profile. With a stellar mass of 2.18 M ⊙ , we estimate the maximum mass of a perturbing planet would be ∼ 8.4 ±4.6 M J . The planet's eccentricity would be equal to the disk's (∼ 0.05 from Schneider et al. (2009) and Thalmann et al. (2011) ), and its semimajor axis would be 45 AU. Its orbit-averaged minimum projected separation would be 0.
′′ 14. Given the large shepherding planet mass this system can tolerate, along with the possibility that such a planet may have been missed by recent imaging campaigns (Thalmann et al. 2011; Lagrange et al. 2012) due to its possible small projected separation, we advocate continued high-contrast imaging of this system in the coming years.
HD 207129
HD 207129 is a Sun-like star that has a large, faint debris disk, recently resolved in scattered light by Krist et al. (2010) with HST. The disk has a normalized FWHM of ∼ 0.18. Taking a stellar mass of 1.1 M ⊙ (Krist et al. 2010) , we obtain using Eq. 4 a maximum planet mass 4.2 ±2.3 M J . Since the eccentricity of the disk is only constrained to be < 0.08, the same constraint applies to the planet's eccentricity. Its semimajor axis would be 92 AU, corresponding to a minimum orbit-averaged projected separation on the sky of ∼ 2.
′′ 8. Despite this large separation, the star's old age (∼ 1 Gyr from Krist et al. (2010) ) and small maximum planet mass render this system unfavorable for direct imaging planet searches.
HD 202628
HD 202628 is a Sun-like star with a very wide disk recently resolved by HST (Krist et al. 2012) . The disk has a normalized FWHM of ∼ 0.4 and an eccentricity of ∼ 0.18. Assuming a solar mass for the star, the maximum mass of a single perturbing planet would be ∼ 15.4 ±5.5 M J . Its eccentricity would be 0.18, and its minimum semimajor axis would be ∼ 71 AU, corresponding to a minimum orbit-averaged projected separation of ∼ 1.
′′ 2. Despite the star's likely old age (2.3 Gyr; Krist et al. (2012) ), its broad disk can tolerate a very massive planet that would likely still be detectable by current direct imaging technology. Therefore we advocate high-contrast imaging of this system.
HD 181327
HD 181327 is a Sun-like star with a large, bright debris disk resolved by HST (Schneider et al. 2006 ). The most current analysis of the resolved images reveals that the disk has a normalized FWHM of 0.32 (Lebreton et al. 2012) and an eccentricity consistent with zero (C. Stark, private communication). For a stellar mass of 1.36 M ⊙ (Lebreton et al. 2012) , the shepherding planet's maximum mass would be ∼ 15.2 ±5.6 M J . Its eccentricity would be ∼ 0 and its minimum semimajor axis would be ∼ 35 AU, corresponding to a minimum orbit-averaged projected separation of ∼ 0.
′′ 55. Wahhaj et al. (2013) imaged this star as part of the Gemini NICI Planet-Finding Campaign and ruled out planets more massive than ∼ 6 M J beyond 0.
′′ 36, effectively ruling out a high-mass perturbing planet. Therefore if this system contains a solitary shepherding planet, it must be low-mass.
See Table 3 for a summary of the predicted masses and orbits for planets in each system.
Parent body disk widths
The predictions for planet mass and orbit in this study make use of the dynamical effects on dust grains. Are there any dynamical signatures on the parent bodies that produce the dust? Fig. 5 shows the final normalized parent body disk width as a function of planet mass ratio. Clearly there is more scatter such that degeneracies in mass exist for widths 10%. However, we can still determine that parent body disks with widths 10% cannot contain planets with mass ratios 10 µ/µ J . While not as strong a constraint as can be made with scattered light images of a disk's dust, this is still useful in ruling out very massive planets in narrow parent body disks.
DISCUSSION: OBSERVER'S PROCEDURE
Observers can use the results of this study in three ways. (i) For debris disks that have been resolved in scattered light but in which no planets have been detected, they can estimate the maximum mass, minimum semimajor axis, and eccentricity of a putative solitary shepherding planet. These can be calculated using the following procedure:
1. Calculate the eccentricity of the debris disk, e disk,f , from the deprojected scattered light image. The planet's eccentricity can be assigned this value.
2. Construct the azimuthally-averaged radial profile of the disk's deprojected scattered light, multiply the profile by the distance from the star squared to account for the geometric dilution of star light, and normalize the profile by the peak value.
3. Calculate the semimajor axis of the peak in the deprojected azimuthally-averaged radial profile, and the two locations equal to half the peak (a peak , a in 1/2 , a out 1/2 ). Use Eq. 1 to calculate the disk's normalized FWHM. While a linear trend is evident, there is much more scatter than in the plot relating the dust disk FWHM to the planet mass ratio (Fig. 4) , making the predictive power less precise. However, we can infer that parent body disk widths < 10% cannot contain a planet with mass ratio 10 µ/µ J .
Insert the disk's normalized FWHM into Eq. 5
to solve for the maximum mass of the perturbing planet.
5. Assume a in 1/2 = a inner and insert this value, along with the calculated maximum mass of the planet, into Eq. 2 to solve for the planet's minimum semimajor axis.
This procedure (and for example, Fig. 1b) requires that debris rings be detected at high S/N in scattered light. This should be feasible in the coming years since HST/STIS is capable of detecting bright ring-like disks at very high S/N (G. Schneider, private communication; C. Stark, private communication). Additionally, ground-based telescopes with adaptive optics (AO) systems are now detecting disks in scattered light at high S/N (Esposito et al. 2013; Thalmann et al. 2011; Lagrange et al. 2012; Thalmann et al. 2013; Currie et al. 2012c; Boccaletti et al. 2012; Rodigas et al. 2012; Buenzli et al. 2010) . The visible light camera, VisAO , on the Magellan AO system (MagAO; Close et al. (2010) ) may be capable of producing the highest resolution images yet on known bright disks (Rodigas et al. 2014, in prep.) , allowing for more precise measurements of scattered light disk widths.
(ii) While no such system exists yet, for resolved debris disks that also contain a directly imaged planet, observers can use the above procedure to place an atmospheric model-independent limit on the planet's mass, semimajor axis, and eccentricity. This is especially useful because the masses of directly imaged planets depend heavily on atmospheric models (e.g., Baraffe et al. (2003) ; Burrows et al. (2003) ), which themselves also depend on the (usually uncertain) age of the host star and on the initial conditions of the planet's formation (ie, "hot-start" vs. "cold start"; Spiegel & Burrows (2012)).
(iii) For debris disks with information only available for the parent bodies, rather than the dust, observers can use Fig. 5 to constrain the maximum disk-shepherding planet mass. For example, models of an unresolved disk detected by its infrared excess can sometimes estimate the location and width of the parent body disk. This information can be compared with our results to constrain a putative shepherding planet's mass. Additionally the Atacama Large Millimeter Array (ALMA) is now making it possible to directly image the tracers of parent bodies in debris disks (e.g., Boley et al. (2012) ), which can provide model-independent measurements of parent body disk widths for comparison with our results.
SUMMARY
Using N-body simulations consisting of a star, a planet, and a disk of parent bodies and dust grains, we have shown that the width of a debris disk in scattered light is proportional to shepherding planet mass. This relationship can be used to estimate the maximum planet mass in a debris disk of a given width, as well as the planet's eccentricity and minimum semimajor axis.
Using the procedure outlined above, we have estimated the masses and orbits of putative shepherding planets in five bright debris rings. For Fomalhaut, deep imaging has already yielded mass limits below the maximum masses we report here. For HR 4796A, our results indicate a massive planet might reside close to the star, evading previous imaging detection efforts. For HD 207129, despite the favorable separation between the star and putative planet, the low maximum planet mass and old age make this system unfavorable for direct imaging. HD 202628 can contain a very high-mass planet at a favorable projected separation, making it attractive for direct imaging planet searches. While HD 181327 can also potentially host a high-mass perturber, Wahhaj et al. (2013) have already ruled out such planets, implying that if the disk is being shepherded by a planet, the planet must be lowmass.
In general, observers searching for planets should prioritize systems that contain wide debris disks, as these can tolerate more massive interior perturbers. Once a planet is directly detected orbiting interior to its disk, its mass can be estimated independent of atmospheric models, providing a check on this fundamental physical property.
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APPENDIX

ASSUMPTIONS, FORCES, AND TIMESCALES
Parent bodies
We make several simplifying assumptions regarding the parent bodies to facilitate the many simulations we carry out. First, we assume that all particles have zero mass (as in C09). Doing so allows us to treat each parent body as a test particle interacting purely gravitationally with a massive planet and central star (ie, the restricted 3-body problem), which is much less computationally strenuous.
The assumption that the parent bodies have zero mass is of course not realistic. The masses of debris disks are not well constrained, but a few model-dependent measurements of the mass of Fomalhaut's debris disk estimate a total mass of ∼ 1-110 M ⊕ (C09; Boley et al. (2012) ; Acke et al. (2012) ), where M ⊕ is the mass of Earth. If we conservatively assume that our simulated parent body disks have masses at the upper end of this range, what happens to the planet? Bromley & Kenyon (2011) showed that for a single planet orbiting interior to a non-zero mass parent body disk, the planet will migrate away from the disk as long as the separation is 3.5 Hill radii. At such large separations, the migration rates are slow (Bromley & Kenyon 2011) . Using their analytic equations, after 10,000 orbits a 1 M J planet will have migrated away from a 100 M ⊕ parent body disk of 10% width by only ∼ a few percent of its original semimajor axis. More massive planets will migrate even less (Bromley & Kenyon 2011) . Furthermore these results assume a constant migration rate over time, which is unlikely. Therefore neglecting migration and assuming zero mass for the parent bodies is reasonable for our purposes.
Second, we assume (as in C09) that over the course of the numerical integrations, the parent bodies are not destroyed by collisions, and their orbits are unaffected by collisions with smaller bodies. The collisional lifetime of a particle in a debris disk, or time before a particle is catastrophically destroyed via collision with a similarly-sized particle, can be written as
where t per is the orbital period of the particle in the disk, τ ⊥ is the disk's vertical optical depth, and f is a factor that depends on the particle size (Wyatt et al. 1999b) . For a typical dust grain, f ∼ 4 and its collisional lifetime in a Fomalhaut-like debris disk is only ∼ 10 5 years (see the following subsection). From Wyatt et al. (1999b) , the collisional lifetime of a parent body at the top of the collisional cascade can be written as
where D pb and D dust are the diameters of the parent bodies and dust grains, respectively, and a Dohnanyi (1969) size distribution has been assumed. For a Fomalhaut-like debris disk, a typical dust grain size is ∼ 10 µm (C09). Using the above dust grain collisional lifetime, Eq. A2 shows that the collisional lifetime of parent bodies as small as just 10-100 m is ∼ 100-300 Myr, or ∼ the age of Fomalhaut. Such small parent body sizes are rather conservative based on models of extrasolar debris disks (C09, Wyatt et al. (1999b) ), as well as estimates of primordial parent body sizes in the solar system's asteroid and Kuiper belts (Morbidelli et al. 2009; Schlichting et al. 2013) , which typically prefer sizes of ∼ 1 km or larger. Therefore it is reasonable to assume that the parent bodies in our study are effectively "indestructible" on a timescale comparable to the collisional lifetime of the dust grains, but still produce dust via collisions with smaller particles.
Dust grains Because our study concerns debris disks (where little or no gas is present), the forces acting on dust grains are primarily: gravity from the host star, gravity from the perturbing planet, radiation pressure from the host star, and PR drag. In addition, the lifetimes of dust grains are limited by grain-grain collisions, for these lead to catastrophic fragmentation. For a geometrically absorbing dust grain of bulk density ρ and radius s, the ratio, β, of the radial force of stellar radiation pressure to the force of stellar gravity is,
where L * and M * are the stellar luminosity and mass, respectively, G is the universal constant of gravitation, and c is the speed of light. In response to radiation pressure, dust grains generated by parent bodies moving on circular orbits acquire larger, more eccentric orbits, with semimajor axis and eccentricity given by
Only the particles with β < 0.5 remain bound to the star; in other words, bound particles are larger than the "blow out" size (C09),
Smaller particles, s < s b , acquire hyperbolic orbits upon release from the parent bodies, and their residence time in the debris disk is
where Ω(a) = GM * /a 3 is the local Keplerian frequency and w is the normalized width of the disk. (For parent bodies on moderately eccentric orbits, the orbit of the dust grain depends on the longitude at which it is released, and so does the minimum blow out size, but the latter is still close to s b given above.) From Wyatt & Whipple (1950) , for the bound dust grains, PR drag causes orbits to circularize on a timescale
(1−β)
the orbit decay timescale is |ȧ/a| −1 ≈ 2(1 − 2β)t P R for β 0.5. Eq. A1, the characteristic lifetime for destruction of grains by grain-grain collisions in the bound population, can be rewritten as,
where τ R is the radial optical depth, and τ R / √ w accounts for the effective optical depth for the path length a pb √ w traversed by a dust grain on an elliptical orbit of eccentricity near unity. In Eqs. A7 and A8 we have also used the relation between the dust grain's orbital parameters and those of the parent bodies (Eq. A4).
Comparing these three timescales for dust grains, we see that for typical debris disks imaged in scattered light (ie, those with large optical depths), t P R ≫ t collision ≫ t unbound (as in C09, Wyatt (2005) ). This means that particles below the blowout size do not contribute to the brightness of a debris disk. Therefore we only simulate bound particles. Additionally, we can see that on timescales on the order of the dust grain lifetimes, ∼ t collision , the bound dust grains' orbits do not change significantly from their initial orbits upon "release". This justifies our neglect of PR drag in the simulations.
LIMITATIONS OF THIS STUDY
Here we describe several limitations of our study that we have not addressed elsewhere. We sought dynamical stability of all parent bodies for only 10 3 orbits so that the wall clock time for a given simulation would be short.
Integration times of > 10 6 orbits would have been more realistic since imaged debris disks can be as old as ∼ 1 Gyr. Nonetheless our shorter integrations provide a good approximation because test particle dynamical lifetimes near planets have approximately logarithmic distributions (Holman & Wisdom 1993; Minton & Malhotra 2010) so that longer integration times will not significantly change the stable population.
We assumed that integrating the dust particles for 100 orbits was satisfactory for all debris disks. The number of dust grain orbits is directly related to the optical depth of the disk, and in our case, we simulated Fomalhaut-like debris disks. Observed debris disks have different optical depths, which means the amount of time before a dust grain is destroyed changes for each system. Our simulations do not account for this. However, we did test longer dust grain integrations (1000 orbits), corresponding to lower optical depths, and found this made little difference on the final results.
The assumption that all debris disks are collision-dominated is not realistic, since some disks are assuredly dominated by PR drag. However, to be PR drag-dominated, the optical depth in a disk must be very low (Wyatt et al. 1999b) . Such disks are likely to be very faint in scattered light and are consequently much harder to image. Therefore our neglect of such disks in our simulations is justified.
We assumed a differential power-law index for collisional cascades of 3.5, based on Dohnanyi (1969) . This is a common assumption but will certainly not be valid for all debris disks. Gáspár et al. (2012) found evidence for the index being closer to 3.65, but this difference is small. Additionally, Ricci et al. (2012) recently found an index of ∼ 3.5 for Fomalhaut's disk, lending support to our choice.
Finally, we stress that our models cannot explain all sharp, eccentric debris rings. Rather, the goal of this study was to answer the following question: if the observed disk features are being created by a single planet orbiting interior to the disk, how massive is that planet and what is its orbit like? It is certainly possible that other physical processes (e.g., dust grain collisions, radiation forces, dynamical interactions with a distant star, the interstellar medium, multiple low-mass planets (e.g., Raymond et al. (2011 Raymond et al. ( , 2012 ), or even gas (Lyra & Kuchner 2013) ) could produce disk features that we assume are created by a solitary planet.
